The global structure of Robinson-Trautman space-times is studied. When the spacetime topology is IR C x I R x$ 2 it is shown that all Robinson-Trautman space-times ca be C1 17 extended (in the vacuum Robinson-Trautman class of metrics) beyond the r = 2m ' Schwarzschild-like ' event horizon; evidence is given supporting the conjecture, th at no smooth extensions beyond the r = 2m event horizon exist unless the metric is the Schwarzschild one. When the space-time topology is BP x 2 M, with 2 M a higher genus surface, and the mass parameter m is negative, Schwarzschildlike event horizons are shown to occur. The proofs of these results are based on the derivation of a detailed asymptotic expansion describing the long-time behaviour of the solutions of a nonlinear parabolic equation.
Introduction
In the standard dynamical formulation of general relativity one considers spacetimes which develop from Cauchy data prescribed on a spacelike hypersurface. This situation seems natural for addressing questions such as existence and uniqueness of solutions, but there may be other settings in which such questions make sense, since space-times can be constructed by various other methods, e.g. some solution generating techniques. A natural extension of the spacelike Cauchy problem is the characteristic initial value problem, in which the initial data are prescribed on a null rather than spacelike hypersurface. In this context the only general result available (in the vacuum) is a local existence theorem for data prescribed on two null transversally intersecting hypersurfaces (Muller et al. 1977; Rendall 1990) . The analytic initial value problem with Cauchy data given on a Cauchy horizon has been shown to be well posed in the vacuum by Moncrief (1982 Moncrief ( , 1984 . In the non-vacuum case, the characteristic initial value problem for a spherically symmetric selfgravitating scalar field has been studied by Christodoulou (1986a Christodoulou ( , b, 1987a , the initial hypersurface being the light cone of a point. In this note we discuss an interesting class of metrics which evolve from singular data prescribed on a null hypersurface, the Robinson-Trautman (RT) space-times. There are several inter esting features exhibited by the RT metrics: the evolution of the metric is unique in spite of a ' naked singularity '; surprisingly, Einstein equations reduce to a single parabolic fourth-order equation in this class of metrics. From a physical point of view the RT metrics can be thought of as representing an isolated gravitationally radiating system ; in fact these metrics were the first ones to be found, describing such a situation (Robinson & Trautman 1962) . By definition the Robinson-Trautman P .
T.Chr where mi s a constant related to the total Bondi mass of the metric, B is the Ricc scalar of the metric gab = e2A gab, and (2 M, ga b is a s we shall assume to be connected, compact and orientable. The Cauchy data for an RT metric consist of A0(x") = A(w = u0,xa), which is equivalent to prescribing the metric g of the form (1.1) on the null hypersurface {u = (0, oo)}, which extends up to a curvature singularity at r = 0 (the scalar Ba^ySBa^yS diverges at = 0 as r~6). Let us first consider RT space-times for which 2 M
2 M = S2
The global structure of RT space-times turns out to be different, depending upon the sign of m: let us discuss the negative m case first. Recall that for natural to consider a backwards (in u) initial value initial value problem; alternatively one could think of u as being a retarded null coordinate ( u~ 'r + t') rather than an advanced one ~ Schmidt (1988) (cf. also Foster 1969) and of Chrusciel (1990) There are several interesting features of this result. Because of the singularity r = 0 in the initial data one could wonder whether any solutions of the Einstein equations would exist at all: it turns out that solutions exist either in the backwards or in the forward direction in u, depending upon the sign of m, moreover they are unique in the Robinson-Trautman class. (It may be possible that there exist vacuum solutions with the same data at u -u0 which are not in the Robinson-Trautma recall a well-known conjecture known under the name of 'cosmic censorship ', which can be formulated as the statement, th at the past of * /+ is determined uniquely by the initial data. In the negative m case we are solving a backwards initial value problem, i.e. a 'final' value problem, so in this context the cosmic censorship hypothesis should be reformulated as the requirement that the future of be determined uniquely by the 'final' data. Theorem 2.1 establishes such a fact (in the RT class of vacuum metrics) for RT space-times with negative mass. (In this formulation of weak cosmic censorship (wcc) no mention is made of horizons. One should recall that in the usual form of wcc one ' hides ' singularities under a horizon to 'hide' the regions of potential non-uniqueness of solutions. In the RT case uniqueness holds regardless of 'nakedness ' of the singularity 0.) The information about the structure at i° is also rather interesting, though it must be said that its interest is somewhat diminished by the negativity of the adm mass there. (It may be of some relevance to note that the limit as u -> oo of t the adm mass, as expected.) The generic non-extendability of the metric through + in the vacuum RT class is rather surprising, and seems to be related to a similar nonextendability result for compact non-analytic Cauchy horizons in the polarized Gowdy class (cf. Chrusciel et al. 1990), It may well be possible that there exist vacuum extensions which are not in the RT class.
In the positive mass case the results of Schmidt (1988 ), Tod (1989 , Chrusciel (1991) It is natural to ask, whether there exist smooth, vacuum or not, extensions of (fJt, g): some results strongly suggesting that this is the case only for the Schwarzschild metric are established in §4, Propositions 4.1 and 4.2. Chrusciel & Singleton (1991) t By this we mean that the metric can be C117 extended beyond +; the extension can actually be chosen to be of (7117,a differentiability class, for any a < 1. show that there exist Robinson-Trautman space-times for which no 123 extensions, vacuum or not, exist. It is thus tempting to conjecture the following:
) be a positive extendible through + . Then (A#. g) is the Schwarzschild space-time.
Other topologies
RT space-times for which 2 M # S2 do not seem to have they are not asymptotically flat at null infinity in the usual coordinate sense, and they seem not to be spatially compactificable to yield a cosmological space-time in all but some special cases. Nevertheless, it seems of interest to study their global structure because they provide solutions of vacuum Einstein equations with + which has topology [0, oo) x 2 M, with 2 M # S2. As we shall s Cauchy horizons also appear for genus(2ilf) > 1. The basic two blocks which display the global structure of RT space-times Took the sam e' as in the 2 M = S2 case, and are shown in figures 4 and 5. As has been shown by Schmidt (1988 ) (cf. also Foster 1969 , & is always a connected component of it turns out that the character of the null hypersurface $0 depends upon the topology of Chrusciel (1991) pointed out that the metric is always smoothly extendible through in figures 4 and 5 if A(w0) is smooth, but no vacuum RT extensions exist if A(u0) is not analytic. and from §4 we have, for fixed v and l going to zero,
where gab is a (fixed) constant curvature metric on 2 M,R(g) = -2, and -< 0 is the first non-trivial eigenvalue of the linearized RT-operator L defined in equation (4.4), §4. The metric (3.2) satisfies the Penrose conditions for a smooth J*+, thus as in the T2 case both s4 and $ are connected components of The situation turns out to be more interesting for 0, in which case it is useful to introduce coordinates u, v defined by
In (r + 2w))/4w), which gives ds2 = (16m2/r) exp {r/ 2m) du dv + \Js du2 + r2 e2X gabdxa &xb, \jf = -16m2 exp {w/2m} (1 + \R + (r/ ±2m) AgR). and if A is such that 8 >2 , the metric on can be continuously extended the hypersurface , figure 4, by glueing to (^Jt,g) a copy of itself, as shown in figure 6. In the special case A = 0 (=> 8 = oo) (the 'Z)$-metrics ', cf. Foster 1969), on a smooth metric. In that case u0 and u0 in figure 6 can be 'pushed' to + o o , which makes J4f0, respectively jftQ , connected components of / +, respectively J~. If we denote by /i1 the first non-zero eigenvalue of -we have 8 ^ 80 = i u^ + 2) (3.4)
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(cf. Proposition 4.1; in the expansion (4.19) the integer AT (px) vanishes and the first decay exponent p1 is equal to the first eigenvalue of the linearized RT operator L defined by (4.4)), and if gab is such that S0 > 2, the metric on 4 extended through the hypersurface s i by glueing to with the same gab, as shown in figure 6. (It follows from Jenni (1984) that there exist metrics gab for which this condition is satisfied. I am grateful to P. Sarnak for pointing out this reference.) The smoothness of such extensions will depend on the spectrum of d 0, in particular whether or not there are uk e~PiU terms in the expansions of §4.
It has been pointed out to the author by R. Mazzeo th at /ix tends to zero when gab approaches the boundary of the Teichmuller space, thus there exist gab for which £0 < 2; for such a gab and for a generic A the above construction will fail, because \Js will blow up on j/ . It is not clear whether or not the metric will become singular 'on the hypersurface ' s i from figure 4 since, as pointed out in §4, such a not be detected at the level of curvature invariants listed in (4.52).
An asymptotic expansion for solutions o f the Robinson-Trautm an equation
In this section we prove an asymptotic expansion for solutions of the Robinson-Trautman equation; points 2 and 3 of Theorem 2.2 are then a simple consequence of Propositions 4.1 and 4.2. Throughout we assume that 2 is a smooth, compact, connected and orientable two-dimensional manifold. (The conventions and notations of Chrusciel (1991) are used throughout this section.) Let us recall that for a metric of the form (1.1) Einstein equations reduce to the following equation 0A/0w = (l/24m) (4.1) where Ag, (respectively A0) is the Laplace operator (respectively gab),R = R(dab) 4 8 the Ricci scalar of the metric gab, generality we may assume that gab has constant scalar curvature R0,R0 -for 2J( « S2,R0 = 0 for 2 J i = T2, R0 --2 in the higher genu introduce h = e2A-l (4.2) and to rewrite the equation (4.1) in the form
where L is the linearization of In this section we shall prove an asymptotic expansion for A; when 2Ji -S2 the strategy will be to obtain an asymptotic expansion for A, 0 and 0r -an expansion for A will then follow from (4.14). Before stating our main result, some notation will be needed. Let y = { be the spectrum of -L, with iq, the first non-vanishing eigenvalue of Let us first discuss the slightly simpler case 2 M = sequence N(i), i e N. Set iV(l) = 0, suppose that has been defined for < -1 for some i0 2. Let M(i0) = max -I-... where in (4.18) th e^s are defined as all finite linear combinations of the eigenvalues vi with integer coefficients at, and we assume the s to be monotonically ordered (in the S2 case, P = {iiq}i€/v; this will not be in general the case for other 2 Ms. Consider, for example, a torus S1 x S1 with a diagonal flat metric, the rati first to the length of the second circle being irrational). Set N(p1)(= iq)) = 0, and suppose that ^(Pi) has been defined for all pts smaller than pif> . Let The proof of Proposition 4.1 requires several steps. The letter is used throughout to denote the operator defined either in (4.12) or in (4.4). To establish estimates on 0, let us recall that any conformal transformation of the sphere can be identified with a SL(2, C)matrix : in terms of st ze C on S2 we have
As has been shown by Singleton (1989 Singleton ( , 1990 , equation ( A -*^v , • (4.52) all take the same value as the corresponding invariants of the metric with A = 0 (this holds regardless of the topology of 2 M), in particular if = S2 these invariants coincide with those of the Schwarzschild metric (this result is reminiscent of the behaviour of pp-wave space-times in which all curvature scalars vanish). (All invariants involving *RapyS actually vanish. I am grateful to Dr S. Bazariski for help and for providing me software for a PC on which the above invariants were calculated, and to Dr A. Krasiriski for providing him results of his own symbolic computer calculations.) This implies that the singular character of the boundary u = 0 cannot be detected by examining the above curvature scalars. There is, however, a sense in which the Schmidt-Tod boundary is geometrically singular: 
R0
has been normalized to 2, and we have used the fact that cp is necessarily an eigenfunction of -A0 with eigenvalue greater than or equal to 3 -4 = 12 (it w seen in Proposition 4.2 that this eigenvalue has actually to be greater than or equal to 4*5 = 20). Let us note, that figure 2 , let /"be an affinely parametrized null geodesic starting from towards A#, with tangent vector 0/ 0w at p0. f satisfies the equa 58) and the right-hand side of (4.58) is of differentiability class 4, which by standard theory leads to xp{s)e (78*0-2. (4.58) also gives, say for s < |,
At s = 0 we have
which implies that for s 0 along r we have d8t°R d8l°R d8l°xpc)R d8*0 Xxpdxv d2 R ds 0m8*° ds8l° dxp^ ds8*°-1 ds 0a?"0;r''_^( 4.60)
where in (4.60) we have kept expressions which contain blowing-up terms. (4.56) shows that dR and 00/2 vanish to order s7 and s d8*0/?/ds8*0 = d8l° R (4.61) which logarithmically blows up as «->0 for p e 2 M such that R{p) ¥= 0, by (4.57). Suppose now there exists a smooth space-time (A#, < 7) such that extends xJ t through and that the spheres u = const., foliation of thus Ri s a smooth function on xJt. Let T b constructed geodesic, let p reM be any point on r. /"enters M \J i at a finite value of affine parameter, say s0. Smoothness of g implies smoothness of /", which in turn implies that R^r is a smooth function, contradicting the blow-up of d8*°i?/ds8*0 as s^s 0. □ The proof of the expansion (4.19) suggests strongly that this expansion is sharp, and it is tempting to conjecture the following: Conjecture 4.1. Suppose that A is such that = 0 arise in the metric (4.51). Then A = 0, and the metric is the ' ' metric.
(By ' generalized Schwarzschild ' we mean a metric for which A = const., which is the Schwarzschild metric when 2 M = it can be shown that there exist metrics for which ^ 0. It would be of interest to prove at least the following: Conjecture 4.2. Let 2 M = S2. There exist RT space-times such ft x ^ 0 some i0. Any such metric cannot be smoothly extended through (cf. figure 1) .
It is shown elsewhere that Conjecture 4.2 indeed holds: more precisely, Chrus'ciel & Singleton (1991) show th at there exist Robinson-Trautman space-times for which /is 4 does not vanish, and that this implies that no C123 extensions of such space-times exist. An obvious thing to look at when trying to prove Conjecture 4.2 is to examine the possibility th at there exist A such th a t/ 5 4 -the first possibly non-vanishing In \u\ coefficient when 2 M = S2 -does not vanish. It turns out that this coefficient always vanishes: for some smooth nonlinear functionals / 2,/3 and / 4. It follows (as was already apparent from the proof of (4.19)) that A4 is a linear combination of second spherical harmonics on the sphere. Let P denote tfie antipodal map of the sphere to itself, we have PAfx) = A4(-x = A4(«).
Let us note that each of the operators appearing at the left-hand sides of (4.64)-(4.66) is invertible and commutes with P ,which implies (^/3)(A1,A2) = / 3(A1,PA2), } (4.67)
